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Part 3

Quantum mesoscopic physics .
Fractals and quasi-periodic structures
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FRACTALS OR THE SKILL OF PLAYING WITH
DIMENSIONALITY

WHY STUDYING FRACTALS
IN PHYSICS ?

FRACTALS DEFINE A VERY USEFUL
TESTING GROUND FOR DIMENSIONALITY
DEPENDENT PHYSICAL PROBLEMS SINCE

DISTINCT PHYSICAL PROPERTIES ARE
CHARACTERIZED BY DIFFERENT (USUALLY
NON INTEGER) DIMENSIONS.

Thursday, September 19, 13



SOME EXAMPLES

B ANDERSON LOCALIZATION PHASE TRANSITION : EXISTS
EOR d > 7

B BOSE-EINSTEIN CONDENSATION (( > 3)

B MERMIN-WAGNER THEOREM (SUPERFLUIDITY d < 2 )

@ LEVY FLIGHTS-PERCOLATION (QUANTUM AND CLASSICAL)
@ RECURRENCE PROPERTIES OF RANDOM WALKS

@ QUANTUM MESOSCOPIC PHYSICS

2 QUANTUM AND CLASSICAL PHASE TRANSITIONS-
EXISTENCE OF TOPOLOGICAL DEFECTS...
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FRACTALS ARE ALSO INTERESTING FROM A
PRACTICAL POINT OF VIEW (IN ADDITION TO
PROVIDING NICE PICTURES...)

RANDOM LASERS : PUMPING ON
RANDOMLY LOCALIZED MODES
(DIFFICULT TO LOCATE THEM).
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ITERATIVE FRACTAL GRAPH STRUCTURE

=0 Mt n=">,

SIERPINSKI GASKET

SIERPINSKI
CARPET

DIAMOND
FRACTALS
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As opposed to Euclidean spaces characterized
by translation symmetry,
of their physical properties,
each characterized by a specific fractal
dimension.
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At each step 7 of the iteration, a fractal Is characterized by its
total length . and a number of sites V |

Scaling of these dimensionless quantities allows to define fractal
dimensions.

n=0 n=1 n=>2
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At each step 7 of the iteration, a fractal Is characterized by its
total length . and a number of sites V |

Scaling of these dimensionless quantities allows to define fractal
dimensions.

n=0 n=1 n=>2

Example: Spatial Hausdorff dimension d,=

On a Sierpinski gasket N (2L)=3N(L)

In3

so that d =—— ~|.585
In2
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Classical diffusion

Consider on an Euclidean manifold, the mean square displacement

(r*(t))= Dt
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Classical diffusion

Consider on an Euclidean manifold, the mean square displacement

(r*(t))= Dt
while on a fractal,

(r? () ~ /4

where d_ is the anomalous walk dimension.
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Classical diffusion

Consider on an Euclidean manifold, the mean square displacement

(ﬂ(z)) — Dt
while on a fractal,

(r? () ~ /4

where d_ is the anomalous walk dimension.

Another fractal dimension distinct from d, = n N,

In L

Thursday, September 19, 13



Quantum mesoscopic physics on
Fractals :
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Quantum mesoscopic physics on
Fractals :

Could repeat all we did before but on a fractal...
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Summary ... and closed loops

Weak |ocalization corrections to the
electrical conductance
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Conductance fluctuations

Z(t)= fdr P,(r,r,t)= (:—;t)
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Summary ... and closed loops

Weak |ocalization corrections to the
electrical conductance
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Z(t)= fdr P,(r,r,t)= (Z—;t)
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Quantum mesoscopic physics on
Fractals :

Instead we consider another different problem...
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Quantum mesoscopic physics on
Fractals

Instead we consider another different problem...

Spontaneous emission -
Energy spectra and dynamics
on fractals
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SPONTANEOUS EMISSION FROM A
FRACTAL QED SPECTRUM

Quantum

vacuuim

Thursday, September 19, 13



A LARGE VARIETY OF PROBLEMS ARE CONVENIENTLY
DESCRIBED IN TERMS OF SPECTRAL CLASSES

( absolutely continuous / singular-continuous / point spectrum):

» Anderson localization
» Quantum and classical wave diffusion

» Random magnetism
>
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A LARGE VARIETY OF PROBLEMS ARE CONVENIENTLY
DESCRIBED IN TERMS OF SPECTRAL CLASSES

( absolutely continuor~ c qum trum)
(o)
5 Jcral QEV \7.1 .
a 195
Houl g e\
) Wha\: a Oﬂtaﬂeou _ o101
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Spontaneous emission for different QED vacua
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Spontaneous emission for different QED vacua

— X0}

—t/T
e 1

g

smooth continuum Wigner-Welisskopf decay
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Spontaneous emission for different QED vacua

p. ()]

—t/T,

y

smooth continuum Wigner-Weisskopf decay

-

guasi-discrete mode vacuum Rabi oscillations
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Spontaneous emission for different QED vacua

t A
— p.(1) ik
— N t
smooth continuum Wigner-Weisskopf decay
e p.(1)
> C \‘M\MW
atom structured continuum non-exp./incomplete decay
(photonic crystals, Yablonovitch '87, Kofman et.al., John et.al. ‘94)
—t/
Lﬂn_f p.(?) € cos()
- [
guasi-discrete mode vacuum Rabi oscillations
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Spontaneous emission for different QED vacua

pe (ZL) \\f/Tl
e

fractal spectrum 7
L \/\A/\A/\/\/

structured continuum non-exp./incomplete decay
(photonic crystals, Yablonovitch '87, Kofman et.al., John et.al. ‘94)

\_\e_m2 cos(£2¢)

UE’: pe(t)
(] t

guasi-discrete mode vacuum Rabi oscillations
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Fractal spectrum : what is it ?
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Fractal <« Self-similar
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Fractal <« Self-similar

A
L4
.e'e.
84648

. L8 \ ) 8.5 \

AD

A5 A 4 A A A 2 L

Discrete scaling symmetry
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Fractal spectrum - an example

A guasi-periodic stack of dielectric layers of two types (n,,ng)

1B
A A0 A A A

-
Il

(Kohmoto et. al., '87)
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Fractal spectrum - an example

A guasi-periodic stack of dielectric layers of two types (n,,ng)

Fibonacci sequence: S]>2 [S S ]’ S =B, S,=4
AaABaABAaABAABaABAABABAa... I .
110 A 1 A

-
Il

(Kohmoto et. al., '87)
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Fractal spectrum - an example

A guasi-periodic stack of dielectric layers of two types (n,,ng)

Fib ' : - _
ibonacci sequence S,>2 [S S ] S =B, S =4
A—AB—ABA—ABAAB ABAABABA I I

A A0 A A

The density of modes p(w) :

| f | *
S ’|£ \ ;,' i I " li. i‘ l ' "I l‘.-" | 4
: 055

0.45

-
il

(Kohmoto et. al., '87)
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Fractal spectrum - an example

A guasi-periodic stack of dielectric layers of two types (n,,ng)

Smr =848, |,

Fibonacci sequence:
A—AB—ABA—ABAAB ABAABABA

The density of modes p(w) :

10

p(w)

10

SO B,E

I i

0.4 0. 495

Q

nﬂ Ml

1

1B
A A0 A A A

-
il

(Kohmoto et. al., '87)
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Fractal spectrum - an example

A guasi-periodic stack of dielectric layers of two types (n,,ng)

Fib ' : - -
ibonacci sequence S,>2 [S S ] S =B, S =4
A—AB—ABA—ABAAB ABAABABA l I

A A0 A A

The denS|ty of modes ,o(w)

-

Il
(Kohmoto et. al., '87)
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The notion of Fibonacci structure 1s of
broad Interest in various fields...

26
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Courtesy of Gerald Dunne for today’s talk
(from Adelaide, Australia)

27
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Discrete scaling symmetry: formal description
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Discrete scaling symmetry: formal description
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Counting func:tion:]\]m(A(,D)E j p(m")dw' = (# of states in [w, w+Aw])

®
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Discrete scaling symmetry: formal description

: 1 10°
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_>Aw<_ ()]
_ W +A®
Countlng function: Nw(A(D) — j p((D ')d(D' = (# of states In [w, w+Aw])
0

' N_(b A®)=a N, (A®)

b,a - fixed scaling factors

. J
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Discrete scaling symmetry: formal description
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Counting function: N, (Am) = J p(m"dw' = (#of states in [w, w+Aw])
®

| N_(PA®) = a’N, (Aw)

b,a - fixed scaling factors
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Discrete scaling symmetry: formal description

p(o)
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Counting func:tion:]\]OD(AOD)E J p(m")dw' = (# of states in [w, w+Aw])
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N (V'A®)=a’N (A®), peZ

b,a - fixed scaling factors

Discrete scaling
symmetry
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Testing the discrete scaling symmetry

Scaling equation

N, (b"A®)=a"N_ (A®), Nm(Am)Emjwp(co')da)'

Q)
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Testing the discrete scaling symmetry

Scaling equation

O+A®

N, (b"A®)=a"N_ (A®), N (Aw) = j p(®")dw'
has the following general solution (dimensionless w):
N (Ao)=(Ao)Y'x () , o=
Inb

- fractal exponent (absolutely continuous : , pure-point : )
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Testing the discrete scaling symmetry

Scaling equation

N, (b"A®)=a"N_ (A®), N, (A®) = j p(®"dw'

Q)

has the following general solution (dimensionless w):

4 )

In|A®
Nw(Aa)):(Aw)“xF( 0| ‘} o =24

- — % F(x+1)=F(x)

Inb
- fractal exponent (absolutely continuous : , pure-point : )

- J
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Testing the discrete scaling symmetry

Scaling equation

N, (b"A®)=a"N_ (A®), N (Aw) = j p(0"dw'

Q)

has the following general solution (dimensionless w):

In|A® ]
N, (A®) = (A®)* X F A o= F(x+1)=F(x)
Inb Inb
- fractal exponent (absolutely continuous : , pure-point : )
Similarly for the convolution of p(w) with a window function 2(x) /\' 1
N(g)(AO)) — J ((D'—(D )3((1) ')d(D' _ (A(D)oc XF ln‘A(D‘
? —JEAw - ¢l Inb |

g J
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Testing the discrete scaling symmetry

Scaling equation

N, (b"A®)=a"N_ (A®), N (Aw) = j p(0"dw'

Q)

has the following general solution (dimensionless w):

—, F(x+1)=F(x)

In|Aw
Nw(Aw):(A(x))“xF( n‘ ‘], oc—lna

Inb  Inb
- fractal exponent (absolutely continuous : , pure-point : )
Similarly for the convolution of p(w) with a window function g2(x)
4 N
N (Aw) = Jg (DA_O()D )J((D Ndo'=(Aw)” XF, (IH‘A(D‘ ],
Inb "

g J

plm)

05 055

045
o [a.u.]
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Testing the discrete scaling symmetry

Scaling equation

N, (b"A®)=a"N_ (A®), N (Aw) = j p(0"dw'

Q)

has the following general solution (dimensionless w):

—, F(x+1)=F(x)

In|Aw
Nw(Aw):(A(x))“xF( n‘ ‘], oc—lna

Inb  Inb
- fractal exponent (absolutely continuous : , pure-point : )
Similarly for the convolution of p(w) with a window function g2(x)
4 N
N (Aw) = Jg (DA_O()D )J((D Ndo'=(Aw)” XF, (IH‘A(D‘ ], A '
Inb dl =
N y,

plm)

045 05
o [a.u.]
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Testing the discrete scaling symmetry

Scaling equation

O+A®

N, (b"A®)=a"N_ (A®), N (Aw) = j p(®"dw'
has the following general solution (dimensionless w):
In|Aw In
N, (A®) = (A®)* X F A o =—2 F(x+1)=F(x)
Inb Inb
- fractal exponent (absolutely continuous : , pure-point : )
Similarly for the convolution of p(w) with a window function g(x)
4 A
NE(Aw) = | ("’"‘” )3(00 Yo' = (Bwy x F, [ A — /\ -
® - JeCAm ¢l np [ || ~A—A
N J =
(Ghez and Vaienti, '89: the wavelet transform of fractal measures) Qm.,_ I' " ‘ w || |
o 0] [gsu] "
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Testing the discrete scaling symmetry - an example

A guasi-periodic dielectric stack
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Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack A AIA AIAIA AIA

(?
" ! In|Aw]
_ - N Tt o
N(f)g)(Aw)=Jg(Aoo )3((0 dw' = (Aw) ng[ - }

p(m)

; NE
l--"l' \U : \ | J"l \ ' & '.-x‘j I |
0.45 05 055

® [a.u.]
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Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack A AIA AIAIA AIA
N(g)(A =J‘ ((D'_Q)))( Ydw' 2 (A®)* X F ln‘A(D‘
® (D) =\1& A® W)aw = (D) s Inb ’
g(x) =

-/
10t /
al .._ﬂn[x

p(m)

|
'« IR W | BN
10
LA

0.45 05 055
o [a.u.]
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Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack A AIA AIAIA AIA

(?
" ! In|Aw]
_ - N Tt o
N(f)g)(Aw)=Jg(Aoo )3((0 dw' = (Aw) ng[ - }

sin(x)

g(x)=

p(m)
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Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack A AIA AIAIA AIA

. ?
N(E)g)(A(D) Ejg((DA_Q()D }((D')d(ﬂ' _ (A(D)a XFg[ln‘A(D‘ ]’

\ Inb

sin(x)

g(x)=

log(NL.(;g ) (Aw))

numerics>

p(m)

i ' i i i i ' '
o ~N O O B W N -

-10
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Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack A AIA AIAIA AIA

. ?
N(E)g)(A(D) Ejg((DA_Q()D }((D')d(ﬂ' _ (A(D)a XFg[ln‘A(D‘ ]’

\ Inb

sin(x) At \
g(x)= — -2}
q 3
' 23
numerlcs> = |
10° | —’
20
P e 2 -6>
B 4 O<a <l
Q.
10° %0 8 6 4 2 0
log(Aw)
0.45 05 0.55 o =0.(n,,n,)=0.777 (Kohmoto et. al,, '87)
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Spontaneous emission and vacuum fractality
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plo)
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Spontaneous emission and vacuum fractality

In|Am N ——
N2 (Aw) = (Aw)* X F, A : 5
Inb |g>—
1 o 4 10° |
3 . .
< e 10° |
\-/3 |
2 s
E‘D B+ ® [au]
7t
0 8 6 4 2 0
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Spontaneous emission and vacuum fractality

In|A®
N2 (Aw) = (Aw)* X F, A ,
Inb
-1- /
= 2
- =4}
D
¥ o
7t
g 0

Differential decay rate

dp,(t)
dt

(at small times) I'(7) =

['(t) [a.u.]

&) =7
ho,
|8)——
10
10° | H |
y . N g N i
0.45 05 0.55
® [a.u.]
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Two-level atom coupled to a continuum of states

oL | I

H, = ZVkak ‘g><e‘ + h.c.

e><e‘ k ? H poa = hzwka;crak
Vk - Ek(rai k
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Two-level atom coupled to a continuum of states

o) AL

= ZVkaZ ‘g> <e‘ + h.c.

e><e‘ k ? H poa = hzwkaliak
Vk - Ek(raﬂ k

We solve the time-dependent problem:

A
|
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Two-level atom coupled to a continuum of states

- d

H, = ZVka}; ‘g><e‘ + h.c.
k

H o =h0)a‘e><e‘ ?E( ) H iy = hzwka;iak
BRE)” raj k

We solve the time-dependent problem:

(1)) = a(n)e™ |e,0,) + [dip (F)B, (1)] 2.1,)

‘ density of photonic modes

eeeeeeeeeeeeeeeeeeeeeee



Two-level atom coupled to a continuum of states

o) AL

H, = ZVka,:f ‘g><e‘ + h.c.
k

H o =h0)a‘e><e‘ ?E( ) H iy = hzwka;iak
BRE)” raj k

We solve the time-dependent problem:

¥(1)) =ou(t)e™

e,Ok>+Jdkp (k)B, (1) g91k>

‘ density of photonic modes

p.(H)=lo(t)[* - the excited state probability
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Short time limit —the Fermi golden rule
revisited
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Short-time limit

A standard perturbative treatment:

For short times, such that

4
the excited state probability is p.(1)=1-— JFe(t')dt',
0
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Short-time limit

A standard perturbative treatment:

For short times, such that
4

the excited state probability is p.(t)=1- _[Fe(t')dt',
0

where the differential decay rate IS given by the
well known expression:

» SIN(®, —® )t
(Q)k o Q)a )

C.(0 == [dkp () |V,
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Short-time limit

A standard perturbative treatment:

For short times, such that
4

the excited state probability is p.(t)=1- _[Fe(t')dt',
0

where the differential decay rate IS given by the
well known expression:

O == [dkp () |V, P
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Fermi golden rule

C.(0) == [dkp () |V, P

/ [
Ve van el (0

\4

Aw=1¢"
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Fermi golden rule

C.(0) == [dkp () |V, P

Valid for smooth spectrum + long times

' ()= %Jdkp (k) |V, ['md (0, —®,)=const =T,
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Fermi golden rule

C.(0) == [dkp () |V, P

Valid for smooth spectrum + long times

' ()= %jdkp (k) |V, ['md (0, —®, )=const =T,

This  coincides with the exponential decay rate (Wigner-Weisskopf):

I, ¢

pe(z)zl—ret < > pe(t):e_ e
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Short time limit - fractal spectrum

C(0 == [dkp ()17, |

p(o)
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Short time limit - fractal spectrum
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Short time limit - fractal spectrum

C(0 == [dkp ()17, |

Recall that the counting function satisfies

r

N (ao) = [ g (‘”XO‘)” )3((0 Yo' = (Aw)" X F, (

\_

ln‘A(D‘

Inb

l

~N
5

J

|

0.45

/\
VAR ¢

0 [au]

i ’ |
II | | !
0.55
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Short time limit - fractal spectrum

/\
VAR ¢

/™\
0.45

® [a.‘u.]

'! |
0 55
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Short time limit - fractal spectrum

C(0 == [dkp ()17, |

Recall that the counting function sati

/\

A,
- | \V I\ V4
=
10°

_ ln‘A(D‘

(g2) — W —M ' ' — o T
NE(A0)= [ g ( e )D(co )do'=(Aw) ><Fg£ 0/ ] " ofau)
We immediately conclude that the general form of IS:

( £ In(#/t,)

C()=1"'%|—| XF 0~ |, F(x+1)=F(x),
T Inb

.

~

J

where
O<o<l b
T,t,

- fractal exponent and scaling factor of the spectrum

- time scales, specific to the considered problem.

i ’ |
Il | | |
0.55
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BEYOND THE SHORT TIME
REGIME-
STRONG COUPLING AND
INHIBITION OF SPONTANEOUS
EMISSION
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A toy model

—A=0
—A=0.7

i
M\\M

pL(k:ra) ~ | Vk |2p(00) —

1
10
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(/3¢
I (1n|00—(1) |
1+ AXxcos “
i Inb

I
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STRONG COUPLING - NON PERTURBATIVE SOLUTION
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Experimental study of a fractal energy spectrum :

Coherent polaritons gas in a Fibonacci quasi-periodic
potential

D. Tanese, J. Bloch, E. Gurevich, E.A. 2013.

Thursday, September 19, 13



The Fibonacci problem has a long and rich

(theoretical and experimental) history.

(Kohmoto,Luck, Gellerman, Damanik, Bellissard,Simon,...)

Our purpose here 1s to propose a quantitative

description of fractal properties in order to use

fractals/singular continuous systems as usetul
simulating tools
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aﬁwm

1 PINVISV R

_
]

A AB A

Number of letters of a sequence S,- IS the Fibonacci
number FJ SO thatFj — Fj_1 -|-Fj_2

a=1.35um

V0=0.4 meV
V0=1 meV
V0= 1.5 meV




az1.35um = = N B |

L L BAABAABAGAABA

A AB A Fibonacci sequence: S'22:|:Sj—1Sj—2]9 S =B, S =4
A%AB%ABA%ABAAB%ABAABABA%. =

Number of letters of a sequence S,- IS the Fibonacci
number FJ SO thatFj — Fj_1 -|-Fj_2

-|1B1 V0=0.4 meV
- 182 V0=1 meV
“IB3 V0= 1.5 meV

(193 letters)
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Measure of spectral function £ (k)intensity maps
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where

Effective 1D model

V) W) =Ey(x)

)((O‘x);5(x—na)
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Effective 1D model

where

Shape of each letter

a?&’?um

B A AB A

V) W) =Ey(x)

)((O‘x);5(x—na)
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Effective 1D model

n d’
v +V(x) |y (x)=Ey(x)

—_— —

where

V(x)=u,(x)X x(O'x)Z5(x — na)

/ : :

Shape of each letter

ai§5um

5 A AB A oz(‘/g"% is the inverse golden mean
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Effective 1D model

L1V [y () =E(x)

where

V(x)=u,(x)X )((O'x)25(x —na)

/ . -

Shape of each letter

l,-o<x<-0°

X)=
x(x) 0,—-0’<x<0o’

aﬁfum

s A AE A G:(.ﬁ_'.)/ 1s the inverse golden mean

No fitting parameter except for the smoothness of #, (x)
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i [um ]

Spectral function £ (k)intensity maps (Numerics)
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i [um ]

Spectral function £ (k) intensity maps (Experimental)

1575

1570 -
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Comparison

Energy (m

2.5 =2 =155 = 05 0 0.5 1 15 2 2.5
k (um-1)

Thursday, September 19, 13



Comparison

52
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Labeling the gaps...

E[meV]

0.8

0.6 3, —4]

IDOS/N

0.4 [27 _1]

0.2r

0 0.5 1 1.5 2 2.5 3
E/Ep
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Labeling the gaps...

05 0 05
k[pm ]

Calculating the integrated density of states (IDOS)
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Integrated density of states (IDOS)-Gap labeling

hd
e et

— —_—

where

V(x)=u,(x)X x(ax)25(x — na)

/ N )

Shape of each letter

5 A AD A = % is the inverse golden mean
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V(k)=u,(k)x Y x,6(ka—2x[p+0q])

Pq

Each pair{ p.q} of integers defines a unique Bragg
peak (O 1s irrational).
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V(k)=u,(k)x Y. x, 6(ka—2r[p+o0q])

Pq

Each pair{ p.q} of integers defines a unique Bragg
peak (O 1s irrational).

Bragg peaks are dense (Cantor set) ——» Must use

periodic approximants, t.e.replacing irrational o by

S
Sl

j+1
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V(k)=u,(k)x Y. x, 6(ka—2r[p+o0q])

Pq

Each pair{ p.q} of integers defines a unique Bragg
peak (O 1s irrational).

Bragg peaks are dense (Cantor set) ——» Must use
periodic approximants, t.e.replacing irrational o by

o="s
Fii

Periodic crystal of length a F,,| and potential

V(k)= ub(k)XZ)(q E(ka — 2% [F/.H p+F, q])
P J*l | | «
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V(k)=u,(k)x Y. x, 6(ka—2r[p+o0q])

Pq

Each pair{ p.q} of integers defines a unique Bragg
peak (O 1s irrational).

Bragg peaks are dense (Cantor set) ——» Must use
periodic approximants, t.e.replacing irrational o by

0’7
Fj+|

Periodic crystal of length a F,,| and potential

V(k)= ub(k)XZ)(q E(ka — 2% [F/.H p+F, q])
.a j+1 ' ' |

1 1
Bragg peaks at values k=0 EZ(FJ.H p+F, q)———(p+q0)

a
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Perturbation theory (small V)

For the (quasi) crystal, a series of gaps open at each
value of the (independent) Bragg peaks (Bloch thm.).

I I
k=Q=—(F, p+F,q)—=——(p+q0)
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Perturbation theory (small V)

For the (quasi) crystal, a series of gaps open at each
value of the (independent) Bragg peaks (Bloch thm.).

l

oo >a(1’+‘10)

k= Q——(mp+Fq)

To first order in V, each Bragg peak hybridizes
degenerate Bloch waves +%4 and a gap opens at

=7/

energles€ = FE 0/
£
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Perturbation theory (small V)

For the (quasi) crystal, a series of gaps open at each
value of the (independent) Bragg peaks (Bloch thm.).

| 1
k:QEZ(Fij"'FjQ) = >a(p+q0)

To first order in V, each Bragg peak hybridizes
degenerate Bloch waves %4 and a gap opens at

energles €= E
+9/
Sl

The (normalized) IDOS inside a gap labeled by { p,g}is
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Integrated Density of States-Gap Labeling

1,0
| 1,0)
0.8r
5 [_171}
S o6l
& ' [37—4]
~ [_274]
0.4‘ [27_1]
[_172]
0.2r
O !
0 0.5 1 1.5 2 2.5 3
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Integrated Density of States-Gap Labeling

In|Aw |
N (A®) = (Am®)* X F n\ ‘ : oc:ﬂ, F(x+1)=F(x)
Inb Inb
-

0.4+ [2,-1]
~1,2]

0.2F

0 .

0 0.5 1 1.5 2 2.5 3

ElmeV]
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Integrated Density of States-Gap Labeling

[1,0]

IDOS/N

ElmeV]
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Spatial distribution - Localization of modes

WNNNNNSNERETRIRTTRTRN

PP S L S LI P TIT CS TN oY

— w DED"THDEDD® T e OCOC o BDEODO"d
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SUMMARY-FURTHER DIRECTIONS

* Coupling of a quantum emitter to a fractal quasi-continuum
leads to an unusual decay dynamics.
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e In the short time limit, this decay was demonstrated in
general and for an idealized Fibonacci cavity.

Thursday, September 19, 13



SUMMARY-FURTHER DIRECTIONS

* Coupling of a quantum emitter to a fractal quasi-continuum
leads to an unusual decay dynamics.

¢ The decay exhibits scaling properties related to the discrete
scaling symmetry of the quasi-continuum.
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SUMMARY-FURTHER DIRECTIONS

* Coupling of a quantum emitter to a fractal quasi-continuum
leads to an unusual decay dynamics.

¢ The decay exhibits scaling properties related to the discrete
scaling symmetry of the quasi-continuum.

e In the short time limit, this decay was demonstrated in
general and for an idealized Fibonacci cavity.

e An exactly solvable toy model suggests that a similar scaling
takes place also for long times.

e The experimental study of a macroscopic coherent polariton
gas in a Fibonacci cavity allows for a quantitative study of a
fractal singular continuous energy spectrum : spectral
function, wave functions and gap labeling.
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FURTHER DIRECTIONS

e Long time dynamics of wave packets with a quasi-
continuum fractal spectrum. Log-periodic oscillations.
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e Long time dynamics of wave packets with a quasi-
continuum fractal spectrum. Log-periodic oscillations.

e Study of the emission lineshape.
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FURTHER DIRECTIONS

Long time dynamics of wave packets with a quasi-
continuum fractal spectrum. Log-periodic oscillations.

Study of the emission lineshape.

Different experimental realizations : tunnel junction
and / or squbit in a microwave fractal resonator (Julien
Gabelli) : Notion of photons- counting statistics-zero
point motion with fractal spectra.
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FURTHER DIRECTIONS

e Long time dynamics of wave packets with a quasi-
continuum fractal spectrum. Log-periodic oscillations.

e Study of the emission lineshape.

* Different experimental realizations : tunnel junction
and / or squbit in a microwave fractal resonator (Julien
Gabelli) : Notion of photons- counting statistics-zero
point motion with fractal spectra.

R

Thursday, September 19, 13



FURTHER DIRECTIONS

e Generalization to other quantum fields : BEC,
superfluidity and Off diagonal long range order
(ODLRO) for massive bosons.
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